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ON THE RELATIONSHIP BETWEEN SMALL-SCALE WIND SHEARS 
AND WIND PROFILE POWER SPECTRA 

SUMMARY 

S t a t i s t i c a l  wind shea r  information is used i n  t h e  c o n s t r u c t i o n  of 
s y n t h e t i c  wind p r o f i l e s  f o r  t he  design of space  v e h i c l e s .  In p r a c t i c e ,  
des ign  s c a l a r  shea r s  f o r  va r ious  wind speed c a t e g o r i e s  a t  var ious  a l t i -  
tudes a t  which t h e  shea r s  a r e  t o  be app l i ed  a r e  der ived  from rawinsonde 
wind p r o f i l e  d a t a .  These da ta  provide wind s h e a r  in format ion  f o r  
i n t e r v a l s  equal t o  and g r e a t e r  than 1 km. To o b t a i n  wind shea r  i n f o r -  
mat ion f o r  i n t e r v a l s  l e s s  than  1 km, d e t a i l e d  wind p r o f i l e  in format ion  
l i k e  t h a t  ob ta ined  from t h e  FPS-16 radar / J imsphere  wind sens ing  system 
i s  r equ i r ed .  However, t h e r e  a r e  space v e h i c l e  launch s i t e s  which do 
not  have d e t a i l e d  wind p r o f i l e  da ta  i n  s u f f i c i e n t  q u a n t i t y  t o  c a l c u l a t e  
s t a t i s t i c a l  des ign  s h e a r s .  Accordingly, a l t e r n a t i v e  procedures f o r  
d e r i v i n g  sma l l - sca l e  wind s h e a r s  a re  r equ i r ed .  The i n t r o d u c t i o n  of 
s u i t a b i e  hypoiiieses about the b e h v i o r  of wiiid p r s f i l e  apsc t ra  a t  l a r g e  
wave numbers and t h e  inva r i ance  of t h e  d i s t r i b u t i o n  f u n c t i o n  of wind 
shea r s  w i th  regard t o  vary ing  shear  i n t e r v a l s  f a c i l i t a t e s  t he  de r iva -  
t i o n  of an e x t r a p o l a t i o n  procedure whereby one can  e x t r a p o l a t e  the  
rawinsonde shea r  s t a t i s t i c s  down in to  the  r eg ion  of s h e a r  i n t e r v a l s  
which a r e  l e s s  than 1 km. To do  t h i s ,  it is  assumed t h a t  any s c a l a r  
wind p r o f i l e  from an ensemble of wind p r o f i l e s  can be  represented  i n  
terms of a Four i e r  i n t e g r a l .  The Fourier  i n t e g r a l s  p e r m i t  us t o  
r e l a t e  t h e  ensemble va r i ance  and mean of t h e  wind shea r s  t o  t h e  power 
spectrum of the  wind p r o f i l e  ensemble. The Four ie r  r e p r e s e n t a t i o n  is 
gene ra l  and accounts  f o r  t he  v e r t i c a i  nonhomogeneous scaizisticai 
p r o p e r t i e s  of t he  wind p r o f i l e  ensemble. It i s  hypothesized t h a t  (1) 
the  power spectrum of t h e  wind p r o f i l e  behaves l i k e  K-'.* a t  s u f f i c i e n t l y  
l a r g e  va lues  of t he  v e r t i c a l  wave number K, (2) t h e  v e r t i c a l  v a r i a t i o n  
of t h e  wind p r o f i l e  power spectrum can be neglec ted  l o c a l l y  i n  t h e  c a l -  
c u l a t i o n  of t he  ensemble mean and va r i ance  of t h e s h e a r ,  and (3 )  t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  of t h e  s t anda rd ized  shea r  v a r i a t e  is 
i n v a r i a n t  w i t h  shea r  i n t e r v a l  &. These hypotheses a r e  used t o  ca l cu -  
l a t e  t h e  asymptot ic  behavior  of  wind shea r  s t a t i s t i c s  f o r  s u f f i c i e n t l y  
small va lues  of AZ. It is  shown t h a t  t he  s t anda rd  d e v i a t i o n  and mean 
of t h e  shea r  ensemble, as w e l l  as t h e  shea r  f o r  any p e r c e n t i l e  l e v e l  
occurrence,  behave l i k e  ( A z ) ' ' ~  for s u f f i c i e n t l y  s m a l l  va lues  of Az. 
This r e s u l t  is i n  e x c e l l e n t  agreement w i t h  shea r  da ta  obta ined  from 
FPS-l6/Jimsphere wind p r o f i l e s  measured a t  Cape Kennedy, F l o r i d a .  



I. INTRODUCTION 

This r e p o r t  i s  concerned w i t h  e s t a b l i s h i n g  t h e  r e l a t i o n s h i p  between 
s m a l l  s c a l e  wind s h e a r s  and d e t a i l e d  wind p r o f i l e  s p e c t r a  i n  t h e  f i r s t  
20 km of the atmosphere.  S m a l l  s c a l e  wind s h e a r s  a r e  def ined  h e r e  t o  
be  v e r t i c a l  d i f f e r e n c e s  between t h e  zona l ,  mer id iona l ,  o r  s c a l a r  winds 
over  v e r t i c a l  h e i g h t  i n t e r v a l s  @,z < 1 km. To t h i s  l i s t  of s h e a r s ,  one 
could a d d  the v e c t o r  s h e a r ,  which i s  t h e  magnitude of t h e  wind s h e a r  
v e c t o r  whose components a r e  t h e  zonal and mer id iona l  wind s h e a r s .  We 
w i l l  conf ine  our  d i s c u s s i o n  i n  t h i s  r e p o r t  s c a l a r  wind s h e a r s .  

S t a t i s t i ca l  wind s h e a r  information is used i n  t h e  c o n s t r u c t i o n  of 
s y n t h e t i c  wind  p r o f i l e s  f o r  t h e  des ign  of space  v e h i c l e s .  A d e t a i l e d  
account  of how a s y n t h e t i c  wind p r o f i l e  is cons t ruc ted  can b e  found i n  
r e f e r e n c e  1. Within NASA t h e  p r a c t i c e  has been t o  s p e c i f y  des ign  wind 
s h e a r s  based on scalar wind s h e a r  s t a t i s t i c s ?  Moreover, two types of 
s h e a r s  a re  considered: bui ld-up and back-off s h e a r s ,  def ined  as 

build-up: S , ( k , Z )  = V(z) - V(z - az) (1) 

back-of f :  S,(az,Z) = V(z + az) - V(z) ,  (2) 

where V(z) i s  t h e  s c a l a r  wind a t  h e i g h t  z .  The 99 p e r c e n t i l e  bui ld-up 
and back-off s h e a r s  enveloped over a l l  a l t i t u d e s  a r e  used f o r  t h e  des ign  
of space  vehic les .  To do t h i s ,  t h e  99 p e r c e n t i l e  bui ld-up and back-off 
s h e a r s  are  c a l c u l a t e d  from t h e  annual empir ica l  c o n d i t i o n a l  scalar  
bui ld-up and back-off s h e a r  d i s t r i b u t i o n  f u n c t i o n s  

where V, and V, t a k e  on ass igned  va lues .  
and 0 < V, < l O O m  sec’l. This  corresponds t o  n i n e  wind speed c a t e g o r i e s  
a t  t h e  r e f e r e n c e  l e v e l  z .  The d i s t r i b u t i o n  f u n c t i o n s  F, and F, a r e  c a l -  
c u l a t e d  from rawinsonde wind p r o f i l e  da ta  and t h e  s m a l l e s t  v a l u e  of 
aZ = 1 km. Thus, f o r  example, t h e  des ign  s c a l a r  s h e a r s  f o r  & 2 1 km 
f o r  t h e  Eastern Tes t  Range (ETR) a r e  based on s e r i a l l y  complete rawin- 
sonde wind p r o f i l e  d a t a  which c o n s i s t  of a n  e ight -year  sample of wind 
p r o f i l e s  spaced 1 2  hours a p a r t  w i t h  wind speed and d i r e c t i o n  s p e c i f i e d  
a t  1 km i n t e r v a l s  i n  t h e  v e r t i c a l  up t o  an a l t i t u d e  of 27  km observed 
dur ing  t h e  period 1956 through 1963. The 99% values  of S,(&,z)  and 

Usual ly  V, - V, = 10 m sec’l 

+:These shea r s  approximate t h e  v e c t o r  wind s h e a r s  f o r  s u f f i c i e n t l y  l a r g e  
wind speed magnitudes a t  t h e  r e f e r e n c e  l e v e l  z due t o  t h e  r e l a t i v e l y  small  
d i r e c t i o n a l  v a r i a t i o n  i n  t h e  wind vec tor  w i t h  h e i g h t  a t  r e l a t i v e l y  high 
wind speeds.  
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+ + 
S,(&,z), S,(@z,z) and S,(&,z) say, a r e  c a l c u l a t e d  a t  1 km h e i g h t  
i n t e r v a l s  between z = & and z = 20 km f o r  t h e  bui ld-up shea r s  and a t  
1 km h e i g h t  i n t e r v a l s  between z = 0 and z = 20 km - aZ f o r  t h e  back-off 
s h e a r s .  The maximum va lue  of & is u s u a l l y  10 km. This ,  f o r  example, 
w i l l  r e s u l t  i n  20 va lues  o f  S+ (1 km, z) f o r  AZ = 1 km and 16 va lues  of 
S z  ( 5  km, z )  f o r  @z = 5 km. ?he des ign  scalar shea r s  a re  then taken  t o  

sup(S$(&,z)) , say.  
i n t e r v a l s .  (V, < V(z) < V,) of the  c o n d i t i o n a l i z i n g  parameter V(z) ,  
r e s u l t i n g  i n  two se t s  of  des ign  shear  curves .  One s e t  w i l l  c o n s i s t  of 
t h e  des ign  bui ld-up s c a l a r  shea r s ,  sup(Sf(@z,z) ) ,  as func t ions  of aZ 
f o r  va r ious  c a t e g o r i e s  of V ( z ) ,  and t h e  o t h e r  w i l l  c o n s i s t  of t h e  des ign  
back-off  scalar  s h e a r s ,  s u p ( S $ ( ~ ~ , z ) )  a l s o  as func t ions  of @z f o r  va r ious  
c a t e g o r i e s  of V(z). 

be  t h e  supremum values  of S,(&,z) + and Sz(aZ,z), sup(Sf(@z,z))  and 
These c a l c u l a t i o n s  can b e  performed f o r  va r ious  

Because of t h e  response  p r o p e r t i e s  of  t h e  rawinsonde system and t h e  
procedures  used t o  c a l c u l a t e  wind speeds from rawinsonde d a t a ,  t h e  cu r -  
r e n t l y  a v a i l a b l e  rawinsonde da t a  a r e  n o t  s u i t a b l e  f o r  c a l c u l a t i n g  des ign  
wind s h e a r  s t a t i s t i c s  f o r  @z < 1 km. To c a l c u l a t e  wind s h e a r  s t a t i s t i c s  
f o r  AZ < 1 km, one r e q u i r e s  d e t a i l e d  wind p r o f i l e  d a t a  l i k e  t h a t  ob ta ined  
from t h e  Jimsphere/FPS-16 radar wind sens ing  system. The number of 
d e t a i l e d  wind p r o f i l e s  from a p a r t i c u l a r  launch s i t e  may n o t  be  l a r g e  
enough t o  c a l c u l a t e  t h e  r equ i r ed  empi r i ca l  c o n d i t i o n a l  d i s t r i b u t i o n  
f u n c t i o n s ,  equat ions  ( 3 )  and ( 4 ) .  However, i t  i s  p o s s i b l e  t o  determine 
an  e x t r a p o l a t i o n  procedure from a smaller  sample of d e t a i l e d  wind pro- 
f i l e s  whereby one can e x t r a p o l a t e  t h e  va lues  of sup(Sf(&,z) )  and 
sup(S$(Az, z ) )  c a l c u l a t e d  w i t h  rawinsonde da ta  down i n t o  the  r eg ion  
aZ < 1 km, and thus i n f e r  va lues  of des ign  scalar wind s h e a r  f o r  v e r t i c a l  
scales  of d i s t a n c e  Az < 1 km. 

11. ENSEMBLE STANDARD DEVIATION OF W I N D  SHEAR 

Le t  us  cons ide r  a n  ensemble of s c a l a r  wind speed p r o f i l e s .  Each 
p r o f i l e  extends over  t h e  s e m i - i n f i n i t e  domain 0 < z < 00. We s e l e c t  the  
ensemble of scalar wind p r o f i l e s  V(z) such t h a t  t h e  scalar wind speed 
a t  Z r y  V(zr) ,  i n  each p r o f i l e  l i e s  i n  t h e  i n t e r v a l  V, < V(zr) < V,, 
where V, and V2 have ass igned  va lues .  
wind p r o f i l e  from t h e  ensemble with a Four i e r  i n t e g r a l  

We assume t h a t  w e  can express  any 

J 
-a3 
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where t h e  F o u r i e r  ampli tude C(K) a t  wave number K ( rad m - l )  is  g iven  by 

co 

C ( K )  = 1 V(z) eiKz dz. 
2r( 

-a, 

The ensemble average  of V(z) i s  

where < > denotes t h e  ensemble average  o p e r a t o r .  'Upon s u b t r a c t i n g  (7)  
from (5), we o b t a i n  t h e  scalar wind f l u c t u a t i o n  v (z )  a t  z wi th  r e s p e c t  
to t h e  ensemble mean scalar wind p r o f i l e ;  i . e .  , 

co 

(8 1 - iKz v ( z )  = / ' [ C ( K )  - <C(K)>]  e dK. 

'a3 

Thus, any wind p r o f i l e  r e a l i z a t i o n  from t h e  ensemble i s  g iven  by 

V(z )  = <V(z)>  + v ( z ) .  (9) 

By d e f i n i t i o n ,  t h e  bui ld-up and back-of f s c a l a r  s h e a r s  a s soc ia t ed  w i t h  
the  i n t e r v a l  b z  a r e  

b u i l  d - up : S , ( z , m >  = < S l ( Z , B ) >  + Sl(Z,aZ) (10) 

back-of f :  S , ( z , m )  = <Sz(z,az)> + s , ( z , m ) ,  (11) 

where 

I* <S,(Z,az)> = <V(z)> - < V ( Z - h ) >  

<S,(Z,az) > = -a(z+m) - <V(z)  > 
S l ( Z , & )  = v(z )  - v(z - &) 

s2(z,az) = v ( z  + &) - v(z )  

4 
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I 

I n  t h e  mathematical  t rea tment  t h a t  fol lows we w i l l  on ly  cons ide r  the  
bui ldup  s c a l a r  wind shea r s  s i n c e  we can formal ly  o b t a i n  t h e  back-off 
shea r  from t h e  d e f i n i t i o n  of t h e  b u i l d u p  shea r  by r ep lac ing  z and z - & 
wi th  z + Az and z ,  r e s p e c t i v e l y .  Thus, any r e s u l t  we o b t a i n  f o r  t h e  
bui ldup s h e a r  can be  transformed i n t o  a s t a t emen t  about  the  back-off 
shea r .  

We =ow proceed t o  c a l c u l a t e  the va r i ance  of s1(zrY.m). W e  can 
express  the  f l u c t u a t i o n  of the s c a l a r  wind shea r  a s soc ia t ed  w i t h  t h e  
r e f e r e n c e  l e v e l  z r  i n  terms of the Four ie r  i n t e g r a l  

where 

We a l s o  can express  s1 i n  terms of t h e  complex conjugate  of t h e  Fourier  
a m p l i t u d e s  C * ( K ) ,  s o  t h a t  

By d e f i n i t i o n  <sl> = 0, s o  t h a t  the va r i ance  of s1 can be obtained by 
mul t ip ly ing  (13) and (15) and then performing an ensemble average .  This 
y i e l d s  

where it is understood t h a t  V, < V(zr) < V,. 
by s e t t i n g  

We can r e w r i t e  equat ion  (16) 

5 



s o  t h a t  

2 
Equation (18) g ives  t h e  ensemble va r i ance  al(zr,.&) of t h e  sca la r  wind 
shea r s  as a func t ion  of t h e  Four i e r  ampli tudes of t h e  s c a l a r  wind f i t l d .  
We w i l l  u se  (18) t o  o b t a i n  an  approximate express ion  f o r  o l ( z r ,&)  which 
w i l l  enable  u s  t o  make e s t ima tes  of t h e  s c a l a r  shea r s  f o r  v e r t i c a l  s c a l e s  
Gz < 1 km upon s p e c i f y i n g  t h e  wind s h e a r s  f o r  @z 2 1  km f o r  any p e r c e n t i l e  
l e v e l  of occurrence.  This w i l l  become c lear  l a t e r .  

The power spectrum of v ( z )  a t  a l t i t u d e  z is  

Although t h e  q u a n t i t y  g(K,Zr) is complex, t h e  r e a l  and imaginary p a r t s  of 
,G(K,Zr), &(K,zr), and g i (K,zr )  a r e  odd and even func t ions  of K ,  r espec-  
t i v e l y  ( s e e  appendix A ) .  Equation (19)  p e r m i t s  u s  t o  express  (18) i n  t h e  
form 

- W  -W 

o r  i n  terms of t he  r e a l  and imaginary p a r t s  of ~ ( K , Z ~ )  and , G ( K , z ~  - m ) :  

'W 



The imaginary p a r t  
t h e  imaginary p a r t  
- m  < z < co. Thus, 

of t h i s  expression vanishes  because t h e  in tegrand  of  
of (21) i s  an odd func t ion  of K on t h e  i n t e r v a l  
t h e  r e a l i t y  of  CI~(Z , ,@Z)  is guaranteed and 

I f  t h e  ensemble of wind p r o f i l e s  has s t a t i s t i c a l l y  homogeneous p r o p e r t i e s ,  
then the  s p e c t r u m  of v ( z )  is r e a l  and independent of p o s i t i o n  z .  This 
means t h a t  

s o  t h a t  (22) reduces t o  

where we have used t h e  even p rope r t i e s  of @ ( K )  t o  o b t a i n  an  i n t e g r a l  over 
t h e  s e m i - i n f i n i t e  i n t e r v a l  0 < K < 00. The r e s u l t  g iven  by (24) can a l s o  
be obta ined  by no t ing  t h a t  @(K,z) can  only  be independent of z i f  

S u b s t i t u t i o n  of (25) i n t o  (18) y i e lds  t h e  r e s u l t  g iven  by (24) .  

7 



Equation (22 )  expresses  the  gene ra l  r e l a t i o n s h i p  between t h e  ensemble 
va r i ance  of t h e  wind shea r  and t h e  spectrum of v ( x ) .  Equation ( 2 4 )  i s  a 
s p e c i a l  ca se  of  ( 2 2 )  f o r  t he  s t a t i s t i c a l  homogeneous c a s e  and r e l a t e s  t he  
ensemble var iance  of t he  wind shea r s  t o  t h e  homogeneous power spectrum. 
We w i l l  use  these  r e s u l t s  t o  i n f e r  t h e  dependence of o l (z r ,&)  on & 
from t h e  power spectrum of t h e  wind f i e l d .  

111. ENSEMBLE MEAN W I N D  SHEAR 

L e t  us now cons ider  t he  ensemble mean shea r .  By d e f i n i t i o n ,  t h e  
ensemble bui ldup mean shea r  a s s o c i a t e d  w i t h  the  r e f e r e n c e  he igh t  zr and 
t h e  shea r  i n t e r v a l  aZ is  

S i m i l a r l y ,  the ensemble mean s h e a r  can be expressed as 

-iKnz) d K .  (1  - e i K Z r  

-00 

M u l t i p l i c a t i o n  of (26) and (27)  w i l l  y i e l d  t h e  square  of t h e  ensemble mean 
s h e a r ,  namely, 

m m  

-m -m 

( 1 - e  -iKaz) dK'dK. 

Now t h e  power spectrum of < V ( z ) > a t  a l t i t u d e  z is 

8 



A s  i n  t h e  c a s e  of t he  wind shea r  f l u c t u a t i o n s ,  ~ ( K , Z )  is complex, and the  
r e a l  and imaginary parts of t h i s  func t ion ,  q r ( ~ , z )  and q i ( ~ , z ) ,  a r e  even 
and odd func t ions  of K ,  r e spec t ive ly .  The proof of t h i s  s ta tement  is  
s imilar  t o  t h e  one i n  appendix A. Accordingly,  t he  equat ion  f o r  
<Sl(zr,nZ)> 
obtained from (22)  by r ep lac ing  &Is and gfils i n  ( 2 2 )  w i th  t h e  c o r r e -  
sponding qr's and q i ' s ,  s o  t h a t  

2 i n  terms of t he  r e a l  and imaginary p a r t s  of $ ( K , z )  can be 

a, 

-a, 

I n  t h e  c a s e  of s t a t i s t i c a l l y  homogeneous cond i t ions  , t h e  spectrum of 
< v ( z ) >  is r e a l  and independent of  z. Moreover, t he  spectrum is a d e i t a  
f u n c t i o n ,  s o  t h a t  

where < V > 2  is  t h e  squa re  of t he  ensemble mean wind p r o f i l e  which is 
independent of z .  S u b s t i t u t i o n  of (31) and ( 3 2 )  i n t o  (30) w i l l  show 
t h a t  <Sl(zr ,  @ z ) > ~  vanishes  f o r  s t a t i s t i c a l l y  homogeneous cond i t ions .  

Equation (30) is t h e  g e n e r a l  r e l a t i o n s h i p  between the  ensemble mean 
bui ldup  s c a l a r  wind shea r  and t h e  spectrum of t h e  ensemble mean scalar 
wind p r o f i l e .  

I V .  STATISTICALLY HOMOGENEOUS WIND PROFILE ENSEMBLE 

We have found t h a t ,  f o r  an  ensemble of s t a t i s t i c a l l y  homogeneous 
wind p r o f i l e s ,  t h e  ensemble mean wind shea r  vanishes  and t h e  v a r i a n c e  of 
t h e  wind shea r  is g iven  by (24) ,  which we w i l l  r e p e a t  h e r e  f o r  conven- 
ience:  
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It is worthwhile t o  examine t h e  i m p l i c a t i o n  of t h i s  formula f o r  s p e c t r a  
t h a t  obey power l a w s .  Power s p e c t r a l  c a l c u l a t i o n s  w i t h  d e t a i l e d  zonal ,  
mer id iona l ,  and scalar  wind p r o f i l e s  observed w i t h  t h e  FPS-16lJimsphere 
wind-sensing system show t h a t ,  f o r  s u f f i c i m t l y  l a r g e  wave numbers, t h e  
power s p e c t r a  of  i n d i v i d u a l  p r o f i l e s  behave l i k e  K-P, where p is a pos i -  
t i v e  number w i t h  numerical  v a l u e  approximately equal  t o  2.4 [ 1 , 2 ] .  I n  
t h e s e  c a l c u l a t i o n s  t h e  p r o f i l e s  were assumed t o  be  s t a t i s t i c a l l y  
homogeneous. I f  we invoke t h e  e rgodic  hypothes is  (ensemble averages  can  
be  rep laced  w i t h  space  averages)  , then ,  f o r  s u f f i c i e n t l y  l a r g e  wave 
numbers, 

where (3 is  a p o s i t i v e  q u a n t i t y  t h a t  depends on t h e  i n t e n s i t y  of t h e  wind 
f l u c t u a t i o n s  abou t  t h e  ensemble mean wind p r o f i l e ,  which i n  t h i s  case is  
independent of zr.  

We wish t o  c a l c u l a t e  t he  ensemble v a r i a n c e  of t h e  s h e a r s  f o r  small  
va lues  of &, @z < 1 km, say .  Now f o r  s u f f i c i e n t l y  s m a l l  va lues  of az, 
t h e  behavior  of  O ( K )  a t  s m a l l  wave numbers i s  r e l a t i v e l y  unimportant i n  
t h e  eva lua t ion  of (24) because t h e  f a c t o r  1 - COS(KD) i n  t h e  in tegrand  
tends t o  s u p p r e s s  t h e  c o n t r i b u t i o n s  t o  O ? ( D )  from @ ( K ) .  
w e  w i l l  use  ( 3 3 )  t o  e v a l u a t e  (24) over  t h e  complete i n t e r v a l  0 < K < co, 
s o  that 

Accordingly,  

or 

provided 1 < p < 3 ,  which corresponds t o  t h e  s i t u a t i o n  w e  are  dea l ing  w i t h  
here .  Equation ( 3 5 )  shows that ,  f o r  s t a t i s t i c a l l y  homogeneous cond i t ions  , 
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t h e  ensemble s t anda rd  d e v i a t i o n  of t h e  scalar wind shea r  depends on a z Y  
asympto t i ca l€y ,  like 

where 

V. NONHOMOGENEOUS W I N D  PROFILE ENSEMBLE 

fr: r e a l i t y  wind prcf i les   re nnt h o m n g ~ n e n u s ~  one example of t he  
nonhomogeneous behavior  of wind p r o f i l e s  i s  t h e  gene ra l  i nc rease  and 
dec rease  of t he  s c a l a r  wind s p e e d  below and above the  co re  of an atmos- 
p h e r i c  j e t  stream. A second example is  t h e  c h a n g e . i n  t h e  eddy s t r u c t u r e  
as h e i g h t  i nc reases  through the  tropopause; i . e . ,  t he  wind f l u c t u a t i o n s  
about  t he  running mean of a wind p r o f i l e  r e a l i z a t i o n  above t h e  t ropopause 
tend t o  be l a r g e r  than the  ones below the  t ropopause,  e s p e c i a l l y  when the  
t roposphere  is convec t ive ly  unstable .  Gravi ty  wave theory provides  a 
t h i r d  example. According t o  Hines [ 3 ] ,  t h e  Four i e r  components 

of t h e  zonal and mer id iona l  wind a t  p o s i t i o n  x, and time t i n  a g r a v i t y  
wave a r e  g iven  by 

-+-+ --f 2++ --f --f z/2H . i (k -x-w(k) t )  
u ( k , x , t )  = U(k,w(k))e Y 

+ 
whe+re k i k  a wave number v e c t o r ,  H i s  the  atmospheric  s c a l e  he igh t  
w(k) is t h e  e igen  frequency a s soc ia t ed  wi th  k.  The q u a n t i t y  Uez/2k i s  
t h e  Four i e r  ampli tude.  Hines [ 3 ]  obtained t h i s  s o l u t i o n  of the  i n v i s c i d  
hydrodynamic equat ions by p e r  t urbing a q u i e s c e n t  is  o thermal atmosphere 
wi th  i n f i n i t e s i m a l  pe r tu rba t ions .  The important  p o i n t  he re  is  t h a t  Hines' 
g r a v i t y  waves c o n s t i t u t e  one p l a u s i b l e  c l a s s  of motions i n  t h e  atmosphere 
which have Four ie r  ampli tudes t h a t  i n c r e a s e  wi th  a l t i t u d e  l i k e  ez /2H,  thus 
render ing  t h e  process  nonhomogeneous. There a r e  o t h e r  types of p l a u s i b l e  
a tmospheric  wave motions t h a t  have Four i e r  components t h a t  vary w i t h  

and + 
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he igh t  i n  a manner s imi la r  t o  Hines' g r a v i t y  waves. 
obvious nonhomogeneous n a t u r e  of a tmospheric  wind p r o f i l e s  , i t  i s  reason-  
a b l e  t o  inqu i r e  about how t h e  va r i ance  and mean of t he  scalar wind shea r  
depends on Az. Unfor tuna te ly ,  t he  v e r t i c a l  v a r i a t i o n  of t he  power s p e c t r a  
of wind p r o f i l e s  i s  not  w e l l  known. However, by making assumptions about  
how @ ( K , z )  and $ (K,z )  depend on K and z ,  we can  make in fe rences  about  how 
a l ( z r , & )  and  <Sl(zr,@z)>, which we s h a l l  denote  w i t h  plydepend on @z. 
Furthermore,  t h e  i n t r o d u c t i o n  of an  assumption concerning t h e  behavior  of 
t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of S,(z,Az) as AZ decreases  w i l l  permi..t 
us  t o  p r e d i c t  how S1(z,@z) f o r  any p e r c e n t i l e  depends on @z. The r e s u l t -  
ing p red ic t ions  can be  t e s t e d  w i t h  e x i s t i n g  experimental  d a t a  on the  d i s -  
t r i b u t i o n  func t ion  of wind s h e a r s  from Cape Kennedy, F l o r i d a .  

I n  view of t h e  

I 

The in tegrands  of (22 )  and (30) a r e  even func t ions  of K ,  s o  t h a t  we 
can r e p l a c e  t h e  i n t e g r a l s  over t h e  i n t e r v a l  -00 < K < 00 wi th  i n t e g r a l s  
over t h e  i n t e r v a l  0 < K < 00; t hus ,  

0 

A s  s t a t e d  previous ly ,  we do no t  know how @ ( K , Z )  and q ( ~ , z )  depend on z .  
However, we d o  know t h a t  t h e s e  q u a n t i t i e s  a r e  func t ions  of a l t i t u d e ,  and 
t h i s  means t h a t  t h e r e  w i l l  be d i f f e r e n t  s p e c t r a  or  s o r t i n g  by wave number 
f o r  each value of z .  Never the less ,  t h e  process  descr ibed  i s  a phys ica l  
one, and we hope t h a t  t h e  v a r i a t i o n  of t he  s p e c t r a  from p o s i t i o n  t o  pos i -  
t i o n  w i l l  not b e  too  a b r u p t ,  b u t  r a t h e r  even wi th  smooth v a r i a t i o n .  With 
t h i s  philosophy i n  mind, we expand &(K,zr - AZ), Q ~ ( K , z ~  - Az), 
$r(K,Zr - &) and $i(K,zr - &) i n  Tay lo r ' s  s e r i e s  about  t h e  p o i n t  z = Z r  
f o r  s m a l l  values  of s o  t h a t  second- and h igher -order  terms can be  
neglec ted .  This permits  us t o  express  (39) and (40) as 
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where p r i m e  denotes d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  z .  

I f  we now assume t h a t  



We can then approximate (41) and (42) a s  

The r e s u l t  given by (47) is  similar i n  form t o  t h e  one for t h e  s t a t i s -  
t i c a l l y  homogeneous case ;  however, (47) permits  P r ( ~ , z r )  t o  vary  wi th  z r ,  
b u t  t h e  v a r i a t i o n  m u s t  be  s u f f i c i e n t l y  s low such t h a t  (43) and (44) a r e  
s a t i s f i e d .  Note t h a t ,  i n  t h e  nonhomogeneous c a s e ,  pl(zr,AZ) is  a func-  
t i o n  of Z r  and &, whi le  i n  t h e  homogeneous c a s e ,  p1 is  equal  t o  zero.  

We now assume t h a t ,  f o r  s u f f i c i e n t l y  l a r g e  wave numbers, @ , - ( K , z ~ )  
and +r(K,Zr) depend on K through power l a w s  of t h e  form 

where &, Yr, p r y  and qr a r e  p o s i t i v e  d e f i n i t e  func t ions  of z .  S u b s t i t u -  
t i o n  of ( 4 9 )  and (50) i n t o  (47)  and (48) y i e l d s  

These r e s u l t s  show t h a t  crl a (AZ) (pr-1)’2 a n d  pl a (&) (q r -1 ) /2  f o r  su f -  
f i c i e n t l y  small va lues  of AZ. 
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Various i n v e s t i g a t o r s  have exper imenta l ly  examined t h e  n a t u r e  of t he  
dependencies of and u1 on &. Adelfang, Ashburn, and Court  [ 4 ]  have 
shown t h a t  t h e  annual  c l ima to log ica l  mean and s t anda rd  d e v i a t i o n s  of t h e  
v e c t o r  s h e a r  a t  Cape Kennedy, F lo r ida ,  depend on t h e  r e f e r e n c e  l e v e l  zr 
and Az. 
t i o n s  a r e  p ropor t iona l  t o  (&) 1 
a r e  func t ions  of he igh t .  Their  a n a l y s i s  was based on 1194 Cape Kennedy 
J imsphere p r o f i l e s .  The computations were made a t  zr = 8, 1 2  and 16 km 
f o r  Az = 50 t o  5000 m. Other au thors  have deduced power l a w  r e l a t i o n -  
s h i p s  between & and p1 and u1 (see, f o r  example, r e fe rences  5 and 6) .  
I n  view of the r e s u l t s  of Adelfang, Ashburn, and Count, w e  w i l l  s e t  

I n  p a r t i c u l a r ,  they  f y z d  t h a t  bo th  t h e  mean and s t anda rd  devia-  
and t h e  c o e f f i c i e n t s  of p r o p o r t i o n a l i t y  

where a is a cons t an t .  A s  mentioned p rev ious ly  i n  Sec t ion  I V Y  power 
spec t ra  of i n d i v i d u a l  scalar wind p r o f i l e s  behave l i k e  K-P a t  s u f f i c i e n t l y  
l a r g e  wave numbers, where p has numerical v a l u e  approximately equal  t o  2.4. 

be i d e n t i f i e d  w i t h  a, t h e n a  - 1 = 1.4. Thus, w e  hypothes ize  that 
r F  _._ ..--..-A t h - t  th:-  -... I L  W F  aJuc1111s L L l a L  L L l l J  v a l i i e  of p obta l i ied  frm iiidlvid.\ia: p r o f i l e s  caii 

where t h e  c o e f f i c i e n t s  of p r o p o r t i o n a l i t y  a re  func t ions  of zT. 

Le t  us now assume t h a t  t he  cond i t iona l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
of S, can be  transformed i n t o  the cond i t iona l  p r o b a b i l i t y  d e n s i t y  func- 
t i on :  

where x i s  t h e  nondimensional va r i ab le :  
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+ I n t e g r a t i o n  of (56) over  t he  i n t e r v a l  -03 < x < x w i l l  y i e l d  p r o b a b i l i t y  P 
t h a t  x 5 x+,given t h a t  V, < V(zr) 5 V,; i . e . ,  

+ 
X 

Now 

-00 

+ where S, is  the  va lue  of S, a s s o c i a t e d  wi th  x + ~  s o  t h a t  t h e  va lue  of S'; 
f o r  an assigned va lue  of P can be obtained by so lv ing  (56) f o r  St w i t h  
x = x+; i . e . ,  

I f  we now assume t h a t  t h e  d i s t r i b u t i o n  func t ion  of x is i n v a r i a n t  w i th  
@z f o r  a f ixed  va lue  of Z r ,  then i t  fol lows t h a t  x+ is only a f u n c t i o n  of 
P,  and we conclude from (54) and (59) t h a t  

where G i s  a func t ion  of z r  and P. To o b t a i n  t h e  des ign  bui ldup wind 
shea r ,  w e  s e l e c t  t h e  supremum va lue  of S:(zr,m) f o r  P = 0.99 from t h e  
s e t  of 99 p e r c e n t i l e  bu i ldup  shea r s  t h a t  i s  obtained by l e t t i n g  zr t a k e  
on a l l  permiss ib le  values. I n  view of t h e  hypothes is  t h a t  G is  independent 
of  Az, i t  follows t h a t  s u p ( S f ( z r , m ) )  is p ropor t iona l  t o  (m)Oo7.  
r e s u l t s  given by (51) ,  (52) ,  and (60) a l s o  hold f o r  the  back-off shea r s .  

The 
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V I .  EXPERIMENTAL DATA 

To v e r i f y  t h e  t h e o r e t i c a l  specu la t ions  and hypotheses presented  i n  
t h e  previous s e c t i o n s ,  M r .  C. H i l l  of t h e  Aerospace Environment Div i s ion  
has made a v a i l a b l e  h i s  c a l c u l a t i o n s  of t h e  d i s t r i b u t i o n  func t ions  of 
s c a l a r  wind bui ldup and back-off shears  f o r  Cape Kennedy, F lo r ida .  H i l l  
performed h i s  c a l c u l a t i o n s  wi th  a sample of approximately 256 FPS-16 
radar / J imsphere  p r o f i l e s  observed during t h e  per iod  January 3 ,  1967 t o  
June 30, 1967. ... 15 km. A t  each of t h e s e  r e fe rence  l e v e l s ,  he s t r a t i f i e d  the  pro- 
f i l e s  i n t o  10 m sec' l  wind speed ca t egor i e s  such t h a t  V, - V, = 10 m s e c - l  
and V2 = 10,  20, 30,  ... . He then c a l c u l a t e d  the  bui ldup and back-off 
s h e a r s  f o r  each wind speed ca tegory  f o r  each va lue  of zr = 1, 2 ,  ... 15 km. 

The r e f e r e n c e  l e v e l s  f o r  h i s  c a l c u l a t i o n s  were zr = 1 , 2 ,  

Genera l ly ,  h i s  r e s u l t s  show t h a t  t h e  bui ldup and back-off shea r s  f o r  
any p a r t i c u l a r  p e r c e n t i l e  a r e  func t ions  of a l t i t u d e ,  and i n c r e a s e  l i k e  
( L Z ) ~ * ~  f o r  s u f f i c i e n t l y  s m a l l  values  of  a Z ;  i . e . ,  & < 1 - 2 km. The 
r e s u l t s  f o r  zr = 10 km f o r  10  < V(Zr) 5 20 m sec ' l  and 30 < V(zr) 5 40 m 
sec" were s e l e c t e d  f o r  p r e s e n t a t i o n  h e r e ,  aid t 3 , q  a r e  t y p k a l  mrmnnleq -..LL...r & -- . 
Figures  1 and 2 c o n t a i n  t h e  bui ldup s h e a r s ,  and f i g u r e s  3 and 4 c o n t a i n  
t h e  corresponding back-off shea r s .  The f i g u r e s  show t h a t  t h e  shea r  f o r  
a g iven  p e r c e n t i l e  v a r i e s  l i k e  ( a Z ) O a 7  f o r  aZ 5 1 km. 
t o  v e r i f y  t h e  s p e c u l a t i o n s  and hypotheses presented  i n  t h e  previous sec -  
t i o n s :  (1) The ensemble f l u c t u a t i o n  spectrum and the  spectrum of the  
ensemble mean wind p r o f i l e  a r e  s u f f i c i e n t l y  s lowly  varying f u n c t i o n s ,  
such  t h a t  & ( K , Z ~  - &) &(K,Zr),  e t c .  f o r  s u f f i c i e n t l y  smal l  va lues  
of @z7 (2)  t h e  r e a l  p a r t s  of t he  power s p e c t r a  depend on wave number l i k e  
r2**! and (3)  t h e  d is t r ibxJ t ion  func t ion  of t h e  s tandard ized  shea r s  
(SI - pl) /ul  and (S, - p2)/52 a r e  i n v a r i a n t  w i th  nz. 

These r e s u l t s  seem 

The f a c t  t h a t  S z  and S$ behave l i k e  ( A Z ) ~ . ~  f o r  s u f f i c i e n t l y  small 
va lues  of aZ p e r m i t s  t h e  e s t ima t ion  of  s m a l l  s c a l e  wind s h e a r  f o r  aZ < 1 km 
w i t h  rawinsonde wind shea r  d a t a  a t  aZ = 1 km. The procedure c o n s i s t s  of 
s p e c i f y i n g  aZ and c a l c u l a t i n g  t h e  a s soc ia t ed  shea r  w i th  t h e  formula 

where is  i n  u n i t s  of k i lometers .  
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Figure  1. Cape Kennedy, F l o r i d a  bui ldup  s c a l a r  shea r s  S:(zr,@z) as func- 

t i ons  of @z f o r  zr = 10  km and 10 < V(zr) 5 20 m s e c - I  f o r  

var ious  p e r c e n t i l e s .  
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Figure  2.  Cape Kennedy, F l o r i d a  buildup scalar  s h e a r  Sl(zr,&) + as func- 

t i o n s  of Clz f o r  zr = 1 0  km and 30 < V(zr) s 40 m sec'l f o r  

va r ious  p e r c e n t i l e s .  
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Figure 3 .  Cape Kennedy, Florida back-off s ca lar  shears S + (+,LIZ) a s  func- 
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t ions of LIZ for zr = 10 km and 10 < V(z,) 5 20 m sec'' for  

various percent i les .  
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Figure  4 .  Cape Kennedy, F l o r i d a  backoff s c a l a r  s h e a r s  S-&(z,,&) as func- 

t i o n s  of AZ f o r  zr = 10 km and 30 < V(z,) s 40 m sec' l  f o r  

va r ious  p e r c e n t i l e s  . 
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VII. CONCLUDING COMMENTS 

The purpose of t h i s  r e p o r t  has been t o  determine the  r e l a t i o n s h i p  
between s c a l a r  wind shea r s  and power s p e c t r a  of a tmospheric  f lows.  We 
have seen  t h a t  t h e r e  is  an i n t i m a t e  r e l a t i o n s h i p  between the  ensemble 
mean shear  and t h e  spectrum of t h e  ensemble mean wind p r o f i l e  and 
s i m i l a r l y  between t h e  ensemble s t anda rd  d e v i a t i o n  of wind shea r  and the  
spectrum of t h e  wind f l u c t u a t i o n s  r e l a t i v e  t o  t h e  ensemble mean wind 
p r o f i l e .  The a n a l y s i s  accounted f o r  t he  nonhomogeneous a s p e c t s  of w i n d  
s h e a r  s t a t i s t i c s ,  and i n  t h i s  r e s p e c t  t h e  a n a l y s i s  is gene ra l .  The 
hypotheses l i s t e d  i n  Sec t ion  V I  enabled us t o  make r e l a t i v e l y  a c c u r a t e  
p red ic t ions  about  how t h e  bui ldup  and back-off shea r s  vary w i t h  az f o r  
a g iven  p e r c e n t i l e  l e v e l  of occurrence.  In  p a r t i c u l a r ,  we found t h a t  
t h e  s c a l a r  wind shea r s  depend on aZ l i k e  ( a ~ ) ~ . ~  f o r  s u f f i c i e n t l y  s m a l l  
va lues  of @z. The a n a l y s i s  i n  t h i s  r e p o r t  can be app l i ed  t o  zonal and 
mer id iona l  wind shea r s  by making s l i g h t  changes i n  no ta t ion .  
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APPENDIX A 

Proof t h a t  t h e  & ( K , z )  and @.(u ,z )  a r e  Even and Odd Funct ions of K 

We assume t h a t  v ( z )  can b e  expressed as 

where 

m 

B ( K ~ )  = 2 n  [v(z)  eiKZZ dz 

-m 

and x2 is  a wave number. 
wave number K1 is 

The complex con juga te  of B ( K )  evalua ted  a t  

co 

-co 

M u l t i p l i c a t i o n  of (A-2)  and (A-3)  and ensemble averaging t h e  r e s u l t i n g  
r e l a t i o n s  h i p  y i e l d s  

c o c o  

( A - 4 )  

Complex conjugat ion  of ( A - 4 )  y ie lds  

2 3  



The r i g h t  s i d e  of (A-5 )  is  < B + ' ( - K ~ ) B ( - K ~ ) > .  Therefore ,  we have 

< B * ( K ~ ) B ( K ~ )  9 = < B + ~ ( - K ~ ) B ( - K ~ )  >. 

Complex conjugat ion  of ( A - 6 )  y i e l d s  

Now t h e  power spectrum of v ( z )  a t  wave number K and a l t i t u d e  z is 

The corresponding spectrum a t  wave number - K  is  

Complex conjugat ion  of (A-9)  and u t i l i z a t i o n  of (A-7 )  y i e l d s  

L e t  

(A- 10) 

(A-11) 

24 
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Thus, (A-10) can be  w r i t t e n  as 

(A-12)  

However, K" is a dummy v a r i a b l e  of i n t e g r a t i o n  which we can r e p l a c e  w i t h  
K' i n  (A-12), s o  t h a t  

The r ight-hand s i d e s  of equat ions (A-8) and (A-13) a r e  equal .  
t h a t  

from which w e  conclude 

Equations (A-15) and (A-16) s t a t e  t h a t  t h e  real  and imaginary 
g, @,-, and la, a r e  even and odd func t ions  of K ,  r e s p e c t i v e l y .  

(A-13) 

This means 

(A- 14) 

(A-15) 

(A-16) 

p a r t s  of 
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